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Abstract 

With any skew Young diagram one can associate a one parameter family of "ele- 
mentary" modules over the Yangian Y(gZjv)- Consider the twisted Yangian Y(gjy) C 
Y(flZjv) associated with a classical matrix Lie algebra gjy C qIn- Regard the tensor 
product of elementary Yangian modules as a module over Y(qn) by restriction. We 
prove its irreducibility for generic values of the parameters. 

Key words: reflection equation, twisted Yangian, universal S-matrix, fusion modules. 
AMS classification codes : 81R50,81R10, 20G42. 

1 Introduction 

We study irreducibility of a special class of modules over twisted Yangians. Twisted Yangians 
are associated with a certain type of reflection equation and appear in integrable spin chains 
with boundaries, alongside with the Yangian Y(qIn), which is an RTT-type algebra. The 
twisted Yangian is a subalgebra in Y(gl N ), and the modules in question are obtained from 
the so called fusion Y(g/^v)- m odules by restriction. Our goal is to show that generic fusion 
module over the twisted Yangian is irreducible, thus extending a result of [NT] on fusion 
Y(flZjv) -modules. 
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More specifically, consider the Lie algebra gAr C qIn of matrices preserving a non- 
degenerate symmetric or skew symmetric inner product in C N . One can relate to Qn a 
a certain subalgebra Y(qn) in Y(qIn) called the twisted or Olshanski Yangian. The defin- 
ing representation of qI^ in induces a one parameter family V(z) of representations of 
Y(flZjv) through the composition Y(gZjv) — > Y(g/jv) —> U(gijv), where the right arrow is the 
canonical evaluation homomorphism while the left one is the so called shift automorphism 
depending on z. Fusion Y(g/7v)-modules are obtained from V(z) via tensor product (using 
the Hopf algebra structure of the Yangian) and taking subquotients. Among them there 
are shifted evaluation modules, that are factored through the evaluation homomorphism 
Y(gZjv) ~~ ► U(gZjv) (this is not the case in general, because the evaluation homomorphism 
is not a coalgebra map). Such modules are parameterized with Young diagrams. A more 
general class of modules involves the so called skew Young diagrams (pairs of subordinate 
Young diagrams) and called elementary in [NT] . Every elementary module is included into 
a one parameter family with the same underlying vector space. In the present paper we 
understand by fusion Y(gZjv)-rciodule the tensor product of elementary ones. Thus, a fusion 
Y(g/7v)-module is included into a family parameterized by a point of an affine space. 

As Y(gAr) is a subalgebra in Y(gZjv), every representation of the Yangian becomes a 
representation of the twisted Yangian. It has been shown in [NT] that generic fusion Y(gZjv)- 
module is irreducible. We prove that the fusion modules are as well irreducible over the 
twisted Yangians, except for an algebraic set in the parameter space. 

To prove irreducibility, we employ a generalization of the method used in [NT] (see also 
[KMT] and [ME]) for Y(gZjv)-modules and in [MN] for special Y(gjv)-modules. The method 
is based on the following observation. Suppose that A is an associative algebra and (Z, p) is 
a finite dimensional representation of A. Let W be an auxiliary vector space. Suppose there 
exists a linear operator $o : End(W / ) — > End(Z) whose image lies in p(A). If $o is onto, then 
Z is irreducible. The operator $o is taken in |NTj to be the leading Laurent term of the 
Yangian R-matrix Rw,z at a certain point. Here Rw,z is considered as a rational function of 
a complex variable parameterizing the module W. In the present paper we use the so called 
universal S-matrix, to obtain <3>o- 

The universal S-matrix is an element S G 7i ® Y(gjv), where Ti is a certain pseudo 
quasitriangular bialgebra equipped with an involution r, see [M]. The prefix "pseudo" means 
that the universal R-matrix 1Z of 7i is not invertible. The involution r is an anti-algebra and 
a coalgebra automorphism. The matrix S obeys the equality (A ® id) (S) = S1RJS2 with 
TV := (r <8> id) (72.) . It can be constructed out of the generators matrix of the algebra Y(qn) 
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through a fusion procedure facilitated by the above equality. 

The algebra 7i admits a non-trivial homomorphism from the Yangian Y(qIn) an d hence 
from the twisted Yangian Y(g7v)- Under that homomorphism, every fusion module is re- 
stricted from a representation of 7i. 

Given a fusion module Z = Z(z±, . . . , zi) we take the H-module Z(zi+(, . . . , zi+Q for the 
auxiliary space W . Let p denote the representation homomorphism Y(g^) —* End(Z) and 
let Sw,z be the image of S in End(W) ® End(Z). The right tensor component of the matrix 
Sw,z lies in p(Y(g N )) C End(Z). Expanding Sw,z in the Laurent series around ( = we take 
the leading term for the operator $ - We prove that $o implements a surjective mapping 
End(Z) — > End(Z) for almost all values of the parameters (z\, . . . , zg). In particular, the 
module Z(z±, . . . , Zg) is irreducible if all the parameters are not half-integers and Zi±Zj ^ Z 
for all pairwise distinct 

The paper is organized as follows. Section [2] contains definitions and basic properties of 
the Yangian Y(qIn) and the twisted Yangians Y(gjy). In Section [3] we introduce, following 
[M] . the auxiliary bialgebra 7i and the universal S-matrix S G H,®Y(qn). Section H] contains 
general facts about 7i-modules. In Section \5\ we consider modules associated with skew 
diagrams. Although the constructions of this section are standard for Y(g/Ar)-modules, their 
extension to 7i-modules is important for our approach. In Section [6] we study the involutive 
operation on skew diagrams obtained by 180°-rotation around the diagram center. This 
operation gives rise to an operation on 7i-modules, which is studied in Section [7J Section [H] 
contains an auxiliary information on factorization of R- and S-matrices. The main result of 
the paper is proved in Section [9j 
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2 Yangian and twisted Yangians 

In this section we recall the definition of the Yangian Y^/^) and the twisted Yangian Y(g N ), 
following [MNP] . 

Fix a positive integer N > 1. In the associative algebra End(C 7V ) of linear operators 
on the vector space choose the standard matrix basis {ejj}^ =1 C End(C 7V ) with the 
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multiplication eye mn = Sj m ei n . Denote by gZjv the general linear Lie algebra End(C Ar ). 

Fix an involutive anti-algebra isomorphism A i— > A 1 of End(C JV ). In is factored through 
the matrix transposition and the subsequent similarity transformation A \— > gAg" 1 with a 
non-degenerate symmetric or skew-symmetric matrix g G End(C Ar ). Denote by Qn C qIn the 
Lie algebra of matrices obeying the condition A 1 = —A. If g is symmetric, then qn = S0N', 
otherwise Qn = $Pn- 

Let P denote the flip of the tensor factors in ® C^; in the standard basis, P = 
Yl!ij=i e ij ® e ji- The element R(u,v) := u — v — P G End® 2 (C Ar ) satisfies the Yang-Baxter 
equaiton 

Rn(ui, u 2 )R 13 (u 1: u 3 )R 23 (u 2 , u 3 ) = R 23 (u 2 , u 3 )Ri3(ui, u 3 )R 12 (ui, u 2 ) 

and is called the Yang R-matrix. Here the subscripts indicate the embedding of the algebra 
End® 2 (C*) in End® 3 (C^) in the usual way 

The Yangian Y(qIn) is an associative algebra with unit, a deformation of the universal 
enveloping of the current Lie algebra £jZat[u]. It is generated by the infinite set of elements 
, where i,j = 1,...,N and k = 1,2.... To write down the commutation relations 
on T^j, it is convenient to organize them in the matrix T{u) = $Zij=i e *i ® Tij(u), where 
Tij(u) := ^2 ( f° =Q T-pu~ k G Y(g/ A r)[[M~ 1 ]]. Here 7^ := 5^. Then the defining relations of the 
algebra Y(gZjv) read 

i2 12 («,v)ri(u)r 2 ('u) = T 2 (v)Ti(u)Ri 2 (u,v). 

The extended twisted Yangian X(gAr) is an associative unital algebra generated by the 
infinite set of elements , where i, j — 1, . . . , N and k — 1, 2 . . .. Similarly to the Yangian, 
organize the generators in the matrix S(u) = Yl!ij=i e ij ® Sij( u )> where Sij(u) : = 
^2T=o ^u~ k G X(g7v) [[u -1 ]] and := Sij. Then the defining relations of the algebra 
X(gAr) read 

R 12 (u,v)Si(u)R' 12 (u,v)S 2 (v) = S 2 (v)R' 12 (u,v)Sx(u)R 12 (u,v). 

Here R' 12 (u, v) := -{u + v + Q) with Q := ££. =1 4j ® e H e End® 2 ^). 

The extended twisted Yangian is a right comodule algebra over the Yangian under the 
coaction 

N 

s l0 {u) » Yl s ^ ® (i) 
fe,i=i 
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where the tensor product is taken over C[[m -1 ]]. The assignment S(u) i— > T*(— u)T(u) defines 
an algebra homomorphism X(g7v) *—*Y{qIn)- The image of this homomorphism is called the 
twisted Yangian and denoted by Y(gjv). It is a deformation of the universal enveloping of 
the twisted current Lie algebra gl l N [u] . 



3 The universal S-matrix 

The universal S-matrix of the twisted Yangian is an element^ S G Ti <E> X(gjv), where Ti is 
a pseudo quasitriangular bialgebra with involution to be described later on. The matrix S 
satisfies the characteristic equation 

(A® id) (S) =S 1 TZ' 12 S 2 , (2) 

where 72' := (r ® id) (72.) is obtained from the universal R-matrix 72 G Ti®Ti via an involutive 
anti-algebra and coalgebra automorphism r: Ti — > Ti. Under the assumption (72/) 21 = 72/, 
the universal S-matrix satisfies the reflection equation 

lZi2SiR! l2 S2 — «5272.^2«5i72-i2 

in Ti ® Ti <8> X(gAr) and plays an important role in our study. 

To describe the bialgebra Ti, denote by 971 the ring of polynomials in the variables u 
and u~ l with coefficients in End(C Ar ) (the loop ring). Consider the infinite direct sum of 
algebras £97T := ©£i 97t® fe , where the zeroth summand is the ground field C. The elements 
of £97t are infinite formal sums YlT=o^ k ^i where G 97l® fc . Define the comultiplication 
on each Wl® k C £9Jt as £ i+i=fe 7Ty, where % : 97t®( i+i) -> 971®' ® 97t® J ' is the tautological 
isomorphism. The comultiplication extends over £971 and makes it a bialgebra, with the 
counit being the projection h 1— »• G C. 

Define Ti C £97T to be the subalgebra 

Ti := {h G £97t 1 = a M+1 (/i( fe ))i? M+1 , z = 1, . . . k - 1}. 

Here a^+i is the flip of the % and z + 1 tensor factors in £DT <8,fc . One can check that Ti is 
a sub-bialgebra in £971. Moreover, it is pseudo quasitriangular with the (non-invertible) 
universal R-matrix 



1 Completion of the tensor product based on a natural nitration in Ti is understood. 
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Here 1^ is the unit in %R® k , so that the sum Ylh=o 1^ is the unit in £9Jt. The indices i, j 
in the ordered product defining Rp^^ m ^ refer, respectively, to the first and the second tensor 
factors of DJl® k ® 9Jt® m . Here and further on we adopt the following convention for ordered 
products. The left-most and, respectively, the right-most factors correspond to the initial 
and final values of the product index. Alternatively, when taking product over ordered sets 
we indicate the direction of increment with arrows. 

Denote by r the involutive anti-automorphism of the ring DJl defined by A — > A 1 and 
u i — ► —u, for all A e End(C 7V ). It naturally extends to any tensor power < iXft® k and hence over 
the entire E9JT. It is easy to see that r preserves the comultiplication in and restricts 
to the sub-bialgebra Ti C S97t. Thus Ti is equipped with an involutive anti-algebra and 
coalgebra automorphism r. The element TV = (r (g> id) (TZ) can be constructed out of R'(u, v) 
via a fusion procedure, or directly applying r to TZ in the formula ([3]). Note that TZ' = (7^/) 2 i. 

It is also convenient to introduce the matrices 

A/ , P R(u,v) 

R(u,v) := 1 = V ' , 

u — v u — V 

Q R'(u,v) 



R'(u,v) := 1 + 



U + V U + V 



These matrices can be viewed as elements of the corresponding "localization" of the ring 
971 <S> 3JI. Using the same fusion procedure as for 7Z and it, one can define the universal 
elements it and TZ' = (r <g) id) (7Z) belonging to a ceratin extension of 7i <g> H. Note that 1Z 
and TZ' differ from 7Z and, respectively, TZ' by certain central multipliers. 



4 On representations of 7i 

The Yangian Y(qIn) admits a non-trivial homomorphism (defining representation) to the 
algebra 971 via the the assignment i— > —v k ~ 1 ej{. In the matrix form this assignment reads 

OO 

T{u)^l-Y,^P = RM. (4) 

fc=0 

The defining representation (jlj) extends to a bialgebra homomorphism Y(qI^) — > Ti, which 
induces a homomorphism X(gAr) — > H of right ?i-comodule algebras. Hence every 7i-module 
becomes automatically a Y(qIn)- and therefore an X(0Ar)-module. By construction, every 
such a representation of X(gjv) factors through a representation of Y(g N ). 

Let x : X(gAr) — > C denote the character defined by the assignment S^u) t— * 8^. The 
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homomorphism X($jat) — > Y(qIn) is factorized in the composition 

X(fljv) -> X( 0JV ) ® YCflZjv) ^ Y( / w ), 

where the left arrow is the coaction ([!]). The image of the universal S-matrix in 7i (8> W 
is equal to 1Z' l2 S^1Zi2, where S x := (id (g) x)(<^) e The element 1Z E H ® H has been 
introduced in the previous section. 

Let 7r^ denote the projection 7i — > Ti fl 9Jl®^. The projection 7r := vr^ 1 -* can be consid- 
ered as a representation of H, in the vector space V(v) := C^u, Consider the tensor 
product V(vi) <S> • • • <8> V(i^) as a module over the bialgebra H, constructed through the £-fold 
comultiplication A^ : H -> H m . One can easily see that A^ = 7r^. In other words, 
the representation is non-zero only on the subalgebra Ti, fl DJl® e , where it is tautological. It 
vanishes on every subspace H H Wl® k with k ^ t. 

In fact, we shall consider certain extensions of the vector space V(v\) (g) . . . <8> V(w^) 
corresponding to extensions of the algebra C[vi,v^~ ]. We assume that wherever necessary 
without noticing. 

Consider the element := Y[p<q^-p,q i n intertwining the Mold comutliplication 
with its opposite, IZ^A^(h) = A^(h)TZ^ for all h G T~L. Here the product is taken over 
lexicographically ordered pairs 1 ^ p < q ^ £; the direction of increment is always from left 
to right. 

Introduce the operator Fc® = 7r®^(7?.^) G 971®^ intertwining the representation V(v\) (g) 
. . . <E> V(ve) with the representation V(f i)<8> • • • ®V{vi) defined through the opposite comul- 
tiplication A op . Hence the image of i?w i s a 7Y-submodule in V(wi)<8> • • • <E>V(i^). Note that 
for every h G H fl QJl^^ one has 

= a e (h)R {e \ (5) 

where o> is the involution reversing the order of the tensor factors in 97t® . 

For any pair of 7Y-modules U and W we denote by Hu,w an d TZ'uw the images of, 
respectively, 1Z and 7?.' in End(?7 <g> W). The same convention is adopted for the matrices it, 
it' and S. By Sy we understand the image of the matrix S x ; then Su,w — T^-'u,w^uT^u,w- 



7 



5 Representations of TL associated with skew Young 
diagrams 

With any skew Young diagram one can associate a one-parameter family of representations of 
the Yangian Y(qIn). Such representations are called elementary in |NTj . In fact, elementary 
representations are obtained from representations of the algebra 7i via the homomorphism 
Y(flZjv) — > T~L. Here we recall the construction. 

Consider a non-negative weakly descending sequence A = (Ai, A 2 , . . . , ) assuming only a 
finite number of non-zero terms. Such a sequence is identified with a Young diagram, which 
is a subset in the integer lattice Z 2 specified by the conditions G Z 2 |0 < i, < j ^ Aj}. 

A generally adopted convention is to choose the coordinate system in Z 2 as shown in Figure 
1 for the case A = (6, 5, 3, 1,0,...). The diagram is presented by the set of boxes centered in 
the lattice nodes. 

i I , 



Figure 1. Figure 2. 

We restrict ourself only with diagrams whose columns do not exceed the dimension N of the 
basic vector space. 

Consider a pair (A,/x) of Young diagrams satisfying the condition Aj ^ fa. The skew 
diagram A//x is the complement to the diagram \x in the diagram A. For example, for 
A = (6, 5, 3, 1, 0, . . .) and ji = (3, 2, 0, . . .) the skew diagram A//x is depicted in Figure 2. 

For every skew diagram uj = A//i we put |a>| = Y_\ A.; — fa G Z + , the number of boxes in uj. 
There are |cj|! possibilities of filling uj with the integers 1, . . . , \oj\. Every such a distribution 
is called skew Young tableau. The diagram uj is called the shape of a tableau. We shell 
be dealing with the only tableau of a given shape. It is obtained by filling the boxes from 
top to bottom and from left to right starting from the leftmost column to the right (the so 
called column standard tableau). For the skew diagram from Figure 2 the column tableau 
is displayed in Figure 3. Thus by a skew diagram we understand the distinguished skew 
tableau and use the same notation for it. 
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The content of a skew tableau is a Z- valued function on the interval 1, . . . , \u\ defined by 
p I— > c p := jp — z p , where j p and z p are respectively the numbers of column and row where 
the integer p is allocated. The tableau of contents for the tableau from Figure 3 is displayed 
in Figure 4. 
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Figure 3. Figure 4. 



With a skew Young diagram we associate a line in the affine space C' w ': 

C w :={{v 1 ,...,v\ u \)eC\ u \\v p = z + c p }, 

where z is a complex parameter. 

Let C(z) denote the field of rational functions. Denote by t]^ the ring homomorphism 
ClvpyVp 1 ] —> C(z) corresponding to the embedding C w C^L We shall use the same 
notation for the homomorphism End(C' w ')[vp, v" 1 ] —* End(C' tJ ')(2;). 

Consider the hyperplane T> u in the affine space C' w ' defined by the following condi- 
tion: (y i, . . . , vi w \ ) G V u if and only if v p — c p = v q — c q once p and q appear in the 
same column. Obviously C w C T>^. It is known, [C], that the restriction of the matrix 
£(M) : = (n p<g 5 4 5 -)i2 (M) to £> w is regular at (ci, . . .,c M ). Let F w G End® M (C*) denote 
its limit As follows from the shift invariance of the Young matrix R(u,v), this 

limit can be obtained clS Vp ^ Cp ~\~ Z for any z. In other words, as (vi, . . . , v\ u \) tends to any 
point on the line C w . 

The operator F w is degenerate; in particular, if u> = A//x is an ordinary Young diagram 
(/i = 0) , then F w is proportional to the Young idempotent associated with the corresponding 
column tableau. 

Put to be the image of the operator F u G End^'^C^). Applying F w to the module 
V(v i)® . . . t&Vfaiui), where the point (v±, . . . , v is restricted to the line C u , we get an 
7i-module, denoted further by V^{z). As a vector space V u (z) = V u (& C u (z) , where C u (z) is 
the image of the homomorphism rj^ in C(z). 

We regard V u { Yangian module under the homomorphism Y(qIn) T~t- When 

oj is an ordinary Young diagram, V u (z) is the so called shifted evaluation Y(g/Ar)-module. 
The corresponding representation factors through the evaluation homomorphism Y(qIn) — > 



9 



U(qIn)- The specialization of the representation Y(qIn) — > End(V w (z)) at the point z G C w 
can be factorized in the composition 

Y(qI n ) Y(g/jv) — >■ End(K;)- 

Here the first arrow is the shift automorphism T(u) i— > T(u — z) and the second arrow is the 
specialization of the representation to z — 0. Note that the latter is well defined for Y(qIn)- 
The subject of our further study is the collection of modules V Ul (zi)® ■ ■ ■ ®V Ui (zi). We 
call them fusion modules. Remark that the opposite tensor product (§) of 7i-modules becomes 
the tensor product of Y(g/7v)-modules, as the homomorphism Y(qIn) —> 7~t is anti-coalgebra. 



6 Contragredient diagrams 

In the present section we introduce "conjugate" skew Young tableaux via a certain involutive 
operation on tableaux. Conjugate tableaux are associated with contregredient representa- 
tions of the bialgebra 7i to be defined later on. 

Let denote the involutive anti-automorphism of the algebra End® n (C Ar ) naturally 
extending the transposition t, that is = <8>™ =1 i. We use the same notation for its extension 
to the algebra 971® n . 

Lemma 1. The operator F u is invariant under the involution v~ n \ where n = \cu\. 

Proof. It suffices to show that the operator is t( n )-invariant. It is a standard fact from 
the theory of Hopf algebra twist that the intertwiner TZ^ can be presented as (A^ (g) 
Aop )(1Z)(1ZW (g> 7£ (m * ) ), where k + m = n. This implies that can be written in either 
form Y\p<q^-pq = = Y\p<q^-pq (f° r n = 3 this is simply the Yang-Baxter equation). 

Projecting these equalities to 9Jt® n and taking into account i?*(it, v) = R(u,v) we readily 
prove the assertion. □ 

Let o~ n be the element of the symmetric group & n acting by o~ n (i) = n + 1 — i, for 
i = l,...,n. Denote by a n its image in End®(C Ar ). Introduce the following involutive 
automorphisms of the algebra 9Jt® n extending the involutions 

s {n) (f)(u t ) := f(- Ui ), 

« (B) (/)(«i) == /(«*»<*)). 
(5^{A) := a n Aa n 
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for / G C[vi,v^] and A e End® n (C 7V ). The operations s (n) , a (n) , /3 (n) , and t (n) commute 
with each other. Observe that the restriction to 9JT® n of the involution r coincides with 

Consider the transposition of the lattice Z 2 . Under this transformation, 

a Young diagram A goes over to a diagram A*. Let to = X/fi be a skew Young diagram. 
Consider the transformation i— > (Ai + 1 — j, A^ + 1 — z) of the lattice Z 2 (rotation by 
180° around the center of uj). Under this transformation, uj goes over to another skew Young 
diagram, which we denote by uA Obviously (Jf = uj. Figure 5 gives such an example. 



UJ 



uj* 



Figure 5. 

Combined with the inversion cr\uj\{i) = \u\ + 1 — p, i = l,...,|u;|, the mapping www" 
extends to a mapping of tableaux of the corresponding shapes; obviously this preserves the 
column tableaux. 

The involution v p i— > — v\ u \+i- p of the affine space C'^' induces the commutative diagram 



(6) 



- 






1 


1 


i 









It is easy to check that the leftmost downward arrow acts by 



z i— ► z* 



-z — c. 



(7) 



The integer c is expressed through the contents ct and di of the column tableaux uj and w" 



by c = of + c' 



-•I 



c a( P y Here a 



£7i w i; thus the right-hand side is independent on p. 



Let t}' w denote the homomorphism from the ring C[vi, ] to the field of rational functions 
on T> w corresponding to the embedding T> w <^-> C'^L The rightmost square of the diagram 
dH]) can be written as 9rj\ = rj' w a^s^ n \ where 9: C(T> w t) — > C(2? a ,) is an isomorphism of the 
corresponding functional rings. Our next goal is to relate the intertwiners and F u . 



Proposition 2. Let uj be a skew Young diagram with n = \uj\ boxes. Then F u i = a n F^a n . 
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Proof. As we argued in the proof of Lemma (U we can reverse the order of the 7?.p g -factors 
in the definition of the operator TZ^ n \ Thus we have for (07]'^) (R^): 

p<cj p<cj p<cj 

where we have made the substitution p i— > cr n (p), 5 1— > cr n (q). Using the equalities Rij(u, v) = 
Rji(u, v) and rip><2 = 11<?<P5 we rewrite the last expression in the form 

vL{Ylg<pRa n {p),a n (q)(Vg,V p )) = & n rf u (R {n) ) fr n . 

Dividing the resulting equality by n p < 9 ( u p ~~ v g) we S e ^ 

9(R {n) \vJ = & n R {n) \vJn. (8) 

Suppose that d := (v\, . . . , v\ u \) G V w C C®I W L Let 6>* denote the isomorphism V w — > P w o 
from the diagram ([6]). As follows from middle square of the diagram ([6]), the point 9*{d) G "D^b 
tends to a point on the line C^tt as d G T> w tends to a point on the line C w . Taking the limit 
v p — > c p of the both sides of the equation (|Sj) we prove the proposition. □ 



7 Contragredient 7Y-modules 

Denote by V$(z) the 7Y-module V u t(z%) and by the corresponding representation ho- 
momorphism Ti — > End(V^)(z). The module V^(z) can be obtained as a submodule in 
the tensor product of n-copies of the defining representations upon the specialization r]^ = 
r] u a^ 's( n > : C[z p , z~ l ] — > <C u t(z). The homomorphism r£ can also be presented as the com- 
position of the specialization 77^ and the subsequent involution z 1— > of the line C^tt, cf. 
the diagram (jSJ). 

For any 7i-module (W, p) define the contragredient representation p* on the dual vector 
space W* by setting p*(h)(<j>)(w) := <f)({p o r)(h)(w)) for all h G H, <p G W*, and 10 G W. 
Equivalently, put p* = tpr. It is easy to see that (U®W)* = U*®W* for any pair of modules 
U and W (recall that r preserves the comultiplication). 

Proposition 3. Let u be a skew Young diagram. Then the module V$(z) is isomorphic to 
V*(z). Namely, for all heH: 

pt(h)Fa = <r n ((p u o r)(/i)F w )* ( ) o n = a n F u ,((p ul or)(h)) t( a n . 
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Proof. The involution a^P^ is the total permutation of 9Jt® n reversing the order of the 
tensor factors. It is sufficient to restrict the consideration to h G 9Jt® n R 7i. Then for all u 
we have 

p u (h)F u = (^a (n) /3 (n) )(/i)F w = F u rj u (h), 
which is a corollary of (jSJ). Hence 

(Ar)(/i)F w , = F wi ( V tr){h) = F wi S W) (h) , 

where r£ is the composition of r/ w » and the involution z i— > 2". It can also be presented as 
= Ti u a^s^ n \ as follows from the diagram (jfJJ). We continue the calculation equality as 

Now use Lemma [T]and substitute F w t = OnF^On = (t^ P^ n ' ) )(F Lt j). We continue the calcula- 
tion by 

= t (ft) (feo,a (n) )(/i)/3 (n) (F w )) = t (n) /3 (n) (M (n) «W)(/i)^)) = ^(^(/i)^)' \. 
The proof is complete. □ 

We extend the operation Jj over all fusion modules. Specifically, for any finite set of skew 
Young diagrams {ui} e i=1 we put 

• • • := Vi(zi)® • • • ®^J» = V 4 (z{)® . . . ®V 4 (z\). 

Note that the involution Zi 1— > zf is defined via the skew diagram Ui for each i = 1, . . . ,£ 
by the formula (J7J). By Proposition [3j the module X" is isomorphic to the contragredient 
module X* for any fusion module X . It is easy to see that (X*)* = X. 

For any pair of skew Young diagrams u;, the matrix IZy^y^^zi, Z2) is a rational function 
of the variables z±, z 2 with values in End(V# <g> V u ). It is known that the matrix TZy^y^Zi, Z2) 
is invertible if the point (z±, Z2) lies outside a finite union of lines in C 2 . We need an analogous 
statement for the matrices 7Z v t v (z, z) = IZy h v u (z^, z) and Sy u (z) (for the definition of Sy w 
see Section HJ). 

Lemma 4. The matrices IZy t y u (z$, z) and Sy u {z) are invertible except for a finite number 
of points of C. 
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Proof. The matrix TZy ^y u { z i z) can be presented explicitly as 

In p 

nv^u =nn('+ 2z+ 4 )+c > ,^- 

i=n i=l ; J 

where a = cr^ G ©| w | is the permutation reversing the order of sequence 1, . . . , \u>\. Here 
the indices % and j refer to the first and the second tensor factors, respectively. The order 
of factors in the ordered products here and further on is determined by the initial and final 
values of the indices are assumed to be directed from left to right. 

If follows from the above presentation that the singular points of the operator valued 
function TZ V » v (z% z) are contained in {--^f^, - Ca( \ Cj }i<j. This proves the statement 
for H v ty u (z$, z). 

The equation ([2]) yields the following expression for the matrix Sv u (z): 
S Vu {z) = {-l) m ^]J(2z + c p + c q + Q p>q )\ Vu . 

p<q 

The operator Q G End® 2 (C 7V ) is defined in Section [2] and obeys the equality Q 2 = NQ. 
The matrix Sy u (z) is certainly invertible outside the finite set { — Cp + Cq ; — c p +c q +n } p<<? . This 
completes the proof. □ 

Recall once again that we use the opposite coproduct in 7i to construction the tensor 
product of modules; that accounts for the reversed order of the factors in the formulas for 
and Kv ui ,v u and S Vu . 



8 Some explicit factorization formulas 

In this section we write down explicit formulas for some operators that we use in what follows. 
Put W = V^Oi)® • • • ®V* h (w k ) and Z = K^Oi)® • • • ®V Ut (z t ), where {&i} k i=l and {ujj} e j=1 
are two families of skew Young diagrams. Put rrii := and rij := [ct^j- j for i — 1, . . . , k and 
j — 1 . . . , l\ denote also m := Yli=i m i an( ^ n := X/j=i m r 

As vector spaces, W and V are the images of the operators <g>^ =1 _P^ i G End® m (C iV ) and 
®5 = iF Wj G End® m (C N ), respectively. By definition, 

(c N )® m ® (c N f n = ^(c N f mi ® . . . ® (c N )® m A ® ^(c^)®" 1 <g> . . . <g> (c N )® n A. 



n 



Using the identities (A op ® id) (71) = 7^23^13, (id <8> A op )(TZ) = TZuTZn with the opposite 
comultiplication we can write 

1 £ 

Kw,z(wi,...,w k ,z 1 ,...,z e ) = YlYlTlv^y^w^Zj), 

i=k j=l 
1 1 

K' w>z (wi,...,w k ,z 1 ,...,z £ ) = \ 7l 'v n 

i=k j=£ 

Here the index i = l,...,k enumerates the factors (C N )^ mi in (C N )® m , while the index 
j = 1, . . . ,£ enumerates the factors (C N )® nj in (C^) 8 ". Explicitly we have 

i tii 

Kv». ,V U . (Wi ,Zj) = Yl II ( U Pi ~ v n ~ P ^ m ) I V* 4 9V uj , 
Pi=m k qj=l 
1 1 



,q j )\V$.®Vu J:j ■ 
Pi=m k qj=ne 

Here u Pi = Wi + c Pi and v qj = Zj + c qj , where c Pi denotes the contents of the tableau i?j 
while c qj the contents of the tableau Uj. The index pi — 1, . . . , rrii refers to the C^-factor in 
(C N )® mi and, similarly, the index qj = l,..., nj refers to the C^-factor in (C^)®"*. 
Specializing to the case W = , we obtain 



i=k j=l 
1 1 

where 



i=k j=l 



1 n t 

n v* v v Wj z i) = n Vj,v Uj i z l z i) = II II (~ v «<Pi) - v n - p pu<h)\vj®v^ , 

Pi=n e qj=l 
1 1 

n 'v s ,v u X z ^ z i ) = n vl,v u .( z l z j)' = \ Kfe ) ~ % ~ Qpi >n ) I v 

Equation (|2J) descends to the formula 

i i 

= n( 5 ^^) n n vu V v^( z ^ z j)) ^ where 

7=1—1 

1 1 

•w*) = n( n ^k?>p^))k> 

Pi=rii qj=Pi—l 
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see the proof of Lemma HI As earlier, we assume v qi = Zi + c qi , where c qi denote the contents 
of the tableau u>i. Recall that we use the opposite coproduct of 7i in definition of the tensor 
product of modules. 

The matrices TZw,z{w\, ■ ■ ■ , Wk, Zi, . . . , Zi) and TZ' W z (wx, . . . , Wk, z\, . . . , z e ) are expressed 
by the same formulas, where R Puqj (u Pil v qj ) and R' p . q .(u p .,v qj ) are replaced by R Puqj {u Pil v qj ) 
and Kmj( u Pi> v <ij}> respectively. 

9 Irreducibility of fusion modules over Y(qn) at generic 
point 

In this section we prove that fusion modules are irreducible over the algebra X(£Jn) at 
generic point. That will also imply irreducibility over the twisted Yangian Y(g^), as the 
representations in question factor through the projection X(0jv) — > Y(q n ). We rely on 
an observation providing a necessary condition for modules over associative algebras to be 
irreducible. The method was applied in |NT| to Yangian modules and in |MNj to twisted 
Yangian modules associated with diagrams of one row or one column. 

We begin with formulation of the method for an arbitrary associative algebra, call it A. 
Fix a finite dimensional ^.-module (Z,p) and a finite dimensional vector space W. Identify 
elements of End(W)®End(Z) with linear maps from End(VT) to End(Z) using pairing via the 
trace Tr w . Let U be a punctured neighborhood of in C. Suppose $: U —> End(W) ®p(*4.) 
is an analytical function with the Laurent decomposition $(C) = C r< ^o + 0(( r+1 ), r G Z. 

Proposition 5. Suppose that the leading Laurent coefficient $o of the operator function 
at ( = implements a surjective mapping End(W) — * End(Z). Then the A-module Z 
is irreducible. 

Proof. For any A G End(W / ) and all ( from U the matrix (~ r §(()(A) belongs to p{A). 
Therefore its limit $o(^4) as Q — > belongs to p(A) too, since the latter is closed in End(Z) 
in the euclidian topology (as a finite dimensional vector space). Thus im$o = End(Z) C p{A) 
and hence End(Z) = p(A). This implies irreducibility of Z. □ 

We call W the auxiliary vector space, $(C) the auxiliary operator function, and its leading 
term $ simply the auxiliary operator. 

We apply Proposition [5] to the X(g7v)-module Z = K^Zi)® . . . specialized at 

generic point (z±, . . . , zi). The underlying vector space of the module Z is the tensor product 
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V Ul ® . . . <g) V^, . We take for W the same vector space V Ul <8> • • • <8> regarded as an H-module 
+ 0® • • • ®K,,0f + 0- lt follows that W = Z at the point C = 0. 
For a fixed point (z±, . . . , Zg) regard the matrix Sw,z as a rational function of the variable 
C with values in endomorphisms of the vector space (V^ ® . . . <E> V^,)® 2 . The matrix 
lies in End(W) <g> p z (X(gjv)), where pz- X(g^) — > End(Z) is the representation. We take 
<Sw,z as the auxiliary operator function $(<£)■ 

Theorem 6. The X(g^) -module V^zi)® . . . ®V Ue (zg) is irreducible for generic (z±, . . . , zg). 

Proof. Explicitly, the matrix Sw,z is presented as 

$w,z — T^'w,z^wT^-w,z-, (9) 

see Section HJ Let ni be the number of boxes in the skew diagram Ui, so that every V Ui is a 
vector subspace in (C N )® ni . Then V U1 ®. . .®V Ui is a subspace in (C^)®" - , with n := X^t=i n «- 

Denote by P( n ),( n ) the flip of tensor factors in (<C N )® n ® (C^)®". As a rational function 
of £, the matrix TZw,z has a pole at £ = 0. The leading term of the Laurent expansion is 
equal to hzP( n ),(n), where hz is a rational function of zi, . . . , zg, see |NT] . Observe that the 
operator A (-»• (Tr <g> id) ((A <8> l)P (n)i(n) ) is identical on End^ n (C 7V ). 

Consider the assignment $(C) : A ^ (Tr <g> id) ((A ® l)(S WjZ )) , A G End(K n ® . . . ® KJ, 
as an auxiliary operator. The factorization formula ([9]) yields the leading Laurent term of 
the operator $(C) at the point £ = 0: 

$ : A^hz^zAin'AzSz, (10) 

provided /i z , Tlzt,Zi and 5 Z are regular and do not vanish at (z\, . . . , zg). Here we have used 
the symbolic notation with suppressed summation TV = TZ[ ® TZ' 2 = t(7£i) ® 7^2- 

By Proposition El TZ' ZZ = (a' n ® l)(tW ® id)(ft x8|Z )« ® 1), where < := ®f =1 o" ni . Recall 
that Z" is the X(g A r)-module V t(z\) <8> . . . ® V t(Zf). Hence the map (TTUT) can be presented 

as 

$ : A^ h z ^2At {n) ^ 1 )S z , 

where * := (ct^®!)^ Z )(^®1) G End® 2 ^®. ..<g>V^). The operator TZ Z » z is a rational 
function of (zi, . . . , zg), as well as the operator S z . It follows from Proposition H] and the 
factorization formulas of Section [BJ the operators h z Sz and TZ Z » z are invertible outside 
an algebraic set in the parameter space C £ . As the transposition is an anti-algebra 
automorphism, the inverse to the map ([TO]) is given by the assignment 

So 1 : A^^ 2 AS Z X &\^ X ) 
hz 

17 



with \I/ := ^ l . Therefore the mapping fflUj) is invertible and hence surjective at generic 



Factorization formulas from Section [8] together with Lemma H] allow to give a rough 
estimate of the set of points where the Y(g7v)-module V Ul (zi)® . . . ®V Ut (ze) is reducible. 
That is a finite union of hyperplains in C e , each being of the following three forms: 



The condition (fl2|) descends from the function hz and it is responsible for reducibility of 
each pair V Ui (zi)®V u .(zj) over the Yangian Y(gl N ), see |NT] for details. The conditions 
( TTTj) reflects a possibility for the Y(gZ7v)-module V Ui (zi) to turn reducible upon restriction to 
Y(gjv)- If all the parameters Zi are not half-integers and Z{ ± z 3 ■ ^ 7L for all pairwise distinct 
i, j, then the module V^Zi)® . . . <8>K^(^) is irreducible over the twisted Yangian Y(q n ). 
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point. This proves the theorem. 
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